We prove that the spin-coherent-state POVM, which is an optimal measurement for estimating the pure state of an unknown qubit with a finite number of copies [1], is achieved asymptotically by measuring the total ensemble spin component collectively, weakly, and isotropically. We demonstrate this protocol in numerical simulations of weak measurements of the collective spin component, chosen as a sequence of random directions or as a continuous measurement with a simultaneous, time-dependent control. Both simulations well approximate the optimal bound. PACS numbers:
In the standard paradigm of quantum tomography, one is given N copies of a quantum state that one seeks to estimate. When limited only by these finite quantum statistics and no other systematic experimental errors, what is the measurement that achieves the optimal average estimation fidelity? For the case of qubits, given a priori knowledge that the state is pure, this problem was solved long ago in a seminal paper by Massar and Popescu (MP) [1] . The optimal average fidelity is F opt = (N + 1)/(N + 2), and one can only reach this bound with a measurement that acts collectively on all N copies. "Local" measurements acting non-adaptively on one copy at a time can only achieve at best a scaling of 1 −F ∼ 1/ √ N [2, 3] .
The MP bound is achieved by a generalized measurement (POVM) whose elements are proportional to the continuum of nonorthogonal projectors onto spin coherent states (SCS) of the collective spin J in the symmetric subspace of N = 2J qubits. The SCS POVM has been considered physically unrealizable because it consists of an uncountably infinite number of measurement outcomes [4, 5] . Authors have constructed optimal POVMs with a finite number of elements [5] , and analogous generalizations to qudits [6] [7] [8] , and mixed states [9] . While optimal collective POVMs with finite elements are in principle implementable by Neumark extension, such implementations are not physically natural. Local (not collective) finite-outcome measurements can achieve the same scaling as the MP bound if one allows for classical communication [10] or adaptive measurements with feedback [3] , but such strategies do not saturate the bound.
In this paper we show that the SCS POVM is in fact physically realizable and in a natural manner. POVMs with an infinite continuum of outcomes occur in the von Neumann/Kraus indirect measurement formalism [11] when the state of the meter lives in an infinite dimensional Hilbert space. In particular we show that we can realize this POVM by measuring the collective spin, J = N i=1 σ (i) /2, weakly and isotropically over a sufficiently long time. This sequence of weak measurements is in a similar spirit to continuous collective measurement tomography [12] [13] [14] which has been used for reconstructing states in a fast and robust manner [15, 16] as well as in the "retrodiction" of initial quantum states [17] [18] [19] [20] [21] . Here we show that the sequential isotropic protocol asymptotically saturates the MP bound in the appropriate limit.
To establish the foundation and notation, we briefly review the MP bound [1] . We consider N pure qubits all prepared with the same unknown Bloch vector, n 0 . The N -qubit state is |Ψ 0 ≡ |↑ n0 ⊗N = |J, J n0 , a SCS in the (2J + 1)-dimensional symmetric subspace, where |J, M n0 is the Dicke state along n 0 , (n 0 · J) |J, M n0 = M |J, M n0 . The SCS form a POVM according to [22] dn E n = dn 2J + 1 4π |J, J n J, J| n = 1, (1) where E n denote the POVM elements, proportional to SCS projectors along unit directions n, dn denotes integration over the 4π steradians of the sphere, and 1 is the identity on the symmetric subspace. If one considers a more general collective POVM, {E r } with outcomes r, Banaszek and Devetek have shown [23] that the state assignment which maximizes the average fidelity is |↑n r wherê n r ≡ Tr(E r J) |Tr(E r J)| .
If E r is proportional to a SCS alongn r , this result is consistent with the MP protocol, since Tr(E r J) ∝ J, J|n r J |J, J n r =n r J.
We show that one can approximate the SCS POVM to arbitrary precision through a sequence of weak collective measurements. The weak measurement of a collective spin component u · J ≡ J u in the direction u is described arXiv:1805.01012v1 [quant-ph] 2 May 2018 by a Kraus operator [24] , δK m (u) = κδt 2π
where m is a continuous variable outcome, κ is the measurement rate, and δt is the measurement duration. Given a state |Ψ(t) , the probability density for outcome m is determined by the Born rule, P m (t) = ||δK m |Ψ(t) || 2 , and |Ψ(t + δt) = δK m |Ψ(t) / √ P m is the post-measurement state. As a result, the weak measurement backaction generally squeezes the uncertainty along the measured direction and gives the mean spin a random kick.
If the direction u is fixed, then the measurement will continually squeeze the uncertainty, ultimately leading to a projective measurement onto an eigenstate of J u . On the other hand, if we consider a collection of the directions {u i } that are chosen isotropically, and each measurement is sufficiently weak such that κδt ∆J 2 ui , then we expect the effect of squeezing to "average out" and the state to remain close to a SCS, as seen in [14] . Thus, the net effect of the measurement backaction will be a random walk of the mean spin on the sphere. After some time the post-measurement state will have diffused sufficiently far from the initial state, a distance of order √ N , and no further information about the initial state will remain. The maximum fidelity is limited, thus, by the total number of copies due to the measurement backaction.
With this physical intuition, we specify our protocol for approaching the MP bound with a physically implementable unraveling of the SCS POVM. Consider a sequence of weak measurements along L directions, {u 1 , u 2 , . . . , u L }. A measurement record r ≡ {m 1 , m 2 , . . . , m L } defines a total effect specified by the POVM element E r = K † r K r , where the total Kraus operator is K r = L i=1 δK i , with δK i = δK mi (u i ) given in Eq. (3) . Operators in an indexed product are understood here as ordered from right to left.
In order to achieve a SCS POVM, one must be able to remove the effects of squeezing due to the quadratic operators J 2 ui therein. This can be done by grouping together l weak measurements into time intervals ∆t = lδt. For the I th interval, I ≡ {(I − 1)l + 1, . . . , Il}, the resulting Kraus operator is
as follows from the Baker-Campbell-Hausdorff expansion. If the l measurements are isotropic, then
Thus, for sufficiently weak measurements such that κ∆t 1, the quadratic squeezing terms "average out" because J 2 = J(J + 1)1 is proportional to the identity.
With the quadratic terms removed, we define the operator-valued part of the coarse-grained Kraus operator in the I th interval as ∆K I = exp{ κ∆t 2 µ I · J}, where µ I = 1 l i∈I m i u i . It then follows from Eq. (4), in the limit ∆t → 0,K(t) is the solution to the time-dependent differential equation
with initial conditionK(0) = 1. The collection of Kraus operators enumerated by the coarse-grained measurement records {µ(t)} may be considered as an ensemble, distributed according to the Wiener measure,
T 2∆t
Here the statistics come entirely from the Gaussian wave function of the continuous variable meter state and not from the probability distribution of outcomes given a spin state. Note, there will be infinitely many measurement records that give the same Kraus operator. Since the measure is isotropic for each µ I the resulting POVM will be rotationally invariant, as expected. Significantly, Eq. (6) implies that the total Kraus operator at every time-step is proportional to the representation of a member of the group SL(2, C) (rather than the entire SL(2J + 1, C) generated by including generators such as J 2 u ). Such operators can be decomposed into a restricted polar form,
where U (t) is a representation of an element of SU(2), α(t) = α(t)n(t) is real, and n(t) is a unit vector. It follows that the operator-valued part of the POVM element corresponding to the sequence of weak measurements, sampled isotropically over the sphere after a time T isẼ
For all statistically significant operators, as κT 1, α(T ) → ±∞, which implies that the projector of highest M = ±J dominate. Thus, the POVM element converges toẼ(T ) = e 2|α(T )|J |J, ±J ±nr J, ±J| ±nr , proportional to a SCS projector along an asymptotically constant directionn r = ± lim T →∞ n(T ). Together with the rotation-invariant property, one can thus conclude that the sequential weak isotropic measurement protocol realizes the SCS POVM.
To prove this, write the polar decomposition as
where J n(t) = V (t)J z V † (t). We define the generator of this unitary map as d dt V = −i(A(t) · J)V (t), where A(t) is a real vector that we choose to satisfy n(t) · A(t) = 0 for convenience. It then follows that
For a rotation by an imaginary angle, e α·J A·J e −α·J = cosh α A·J+i sinh α (n×A)·J. (12) Comparing Eq. (6) to Eq. (11) and taking the Hermitian part,
where we define U −1 (µ · J)U ≡ (Rµ) · J. Equating the components orthogonal and parallel to n,
Integrating Eq. (14)
By Eq. (7), the µ(t) are isotropically Gaussian distributed, and thus the variables in the integrand n · (Rµ) are Gaussian distributed with the same (timeindependent) variance. It follows that α(T ) 2 = 1 12 κT increases diffusively with the number of isotropic weak
This growth of α(T ) implies that every statistically significant element of the Kraus ensemble is proportional to an operator of the form U (T ) |J, J n r J, J|n r . Specifically, according to Eq. (15), as α(T ) → ∞, so must A(T ) → 0 and thus dV /dt → 0. This means that V becomes asymptotically constant and thus ±n(T ) →n r . Therefore, the direction of the SCS POVM element converges to an estimate of the initial qubit direction.
Let us further define d dt U = −i(B · J)U . Comparing the anti-Hermitian parts of Eq. (6) and Eq. (11), and substituting Eq. (15) into the result one finds,
As α(T ) → ∞, B(T ) becomes constant in magnitude and thus U (T ) wanders perpetually. This implies that in any realization of a sequence of weak measurements, the post-measurement state continues to diffuse over the sphere for all times, as expected. Any physical realization of this measurement protocol will differ from the idealized model in a number of fundamental respects. Firstly, each measurement will have a finite duration δt. Secondly, if we choose the l-directions as a random sampling of measurements over the sphere, it will be only approximately isotropic. Finally the idealized measurement will be corrupted by decoherence at a rate γ. Throughout we assume κ γ and ignore decoherence in the simulations below.
As an example of a physical realization, consider tomography on atomic spins via continuous measurement as studied in [12] [13] [14] [15] [16] . Using the Faraday interaction and polarization spectroscopy, one can perform a collective J z measurement of the spins when the laser probe couples uniformly to the atomic ensemble (here z is the propagation direction of the probe) [25] . The measurement rate is κ = Cγ s where γ s is the photon scattering rate and C is the cooperativity per atom. The measurement will be weak when the duration of the probe pulse δt 1/κ; decoherence is negligible if C 1/(γ s T ). To measure an arbitrary spin projection J ui one can precede the J z measurement with a physical rotation of the atomic spin direction u i → z.
To demonstrate how one attains the optimal measurement we have performed two types of numerical simulations: (i) sequential random weak measurements; (ii) continuous weak measurements concurrent with timedependent Hamiltonian control. In type-(i), we consider a set of measurement directions {u 1 , u 2 , . . . , u L } randomly sampled on the sphere by the Haar measure. We simulate random measurement outcomes m i sampled from the probability distribution P i (m i ) = Ψ i−1 | δK † i δK i |Ψ i−1 using Monte Carlo. The postmeasurement state is determined by |Ψ i = δKi|Ψi−1 ||δKi|Ψi−1 || , which forms the input that determines the probability distribution for the next measurement outcome, m i+1 , and the procedure is iterated for L outcomes. In our simulations we choose κδt = 10 −4 .
For a given simulated measurement record, r =
We can test to see how this converges through the "coherency parameter" which satisfies the inequality,
for any positive operator E r . The upper bound is achieved iff E r is a rank-1 operator, proportional to a SCS projector. Figure 1 shows C(t), for 0 ≤ t ≤ 0.5/κ, i.e. 5000 random directions, for N = 50 copies of the qubit, and 50 different simulated measurement records of a given initial SCS. We see that C quickly converges to one for all realizations. The simulation also shows the expected diffusion of the post-measurement state over longer times, once the POVM element converges. The time constant for the POVM to converge will depend on the number of copies qubit N . As new information is gained, we gain finer resolution of the spin direction. Eventually, the resolution will be better than the spin projection uncertainty ∼ √ N and measurement backaction will erase the initial condition. If the measurement direction is fixed, the resolution ∼ 1/κT , and we expect the time at which backaction becomes nonnegligible to scale as κT = O(1/N ). Here, for an isotropic measurement, we can use the coherency parameter to set a timescale for measurement backaction and convergence of the POVM. We expect from Eq. (9) that E r ∝ e 2α(T )J n(T ) , and thus
In this case we see that the POVM converges when e 2α(T ) 1/(N + 1), which depends on the diffusive growth of α(T ), or κT = O(polylog(1/N )).
We also test how well this measurement protocol achieves the MP bound by using the simulated record to estimate the initial state according to Eq. 
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In type-(ii) we simulate continuous weak measurement while simultaneously subjecting the system to a timedependent external control [12] [13] [14] [15] [16] . In this case the measurements occur in infinitesimal time intervals, and random controls can be used to sample random directions on the sphere, but there are correlations between measurement directions for short times, contrary to the idealizations of our proof. The state evolves according the stochastic Schrödinger equation |Ψ(t + dt) = dK(t + dt, t) |Ψ(t) , where the the differential Kraus operator dK(t, t + dt) = 1 − iH(t)dt − 1 8 κJ 2 z dt + √ κ 2 J z dy(t), (20) and
is the differential measurement record (dW (t) is the Wiener increment) [26, 27] . We simulate the evolution by updating the state with this differential Kraus operator for time increments such that κdt = 10 −3 /(8J). The control Hamiltonian is taken to be H(t) = Ω(cos φ(t)J x +sin φ(t)J y ) with Ω/2π = 10κ; φ(t) is the angle of a time-dependent magnetic field in the x-y plane. We choose φ(t) to be piecewise constant so the spins precess about a magnetic field that has a fixed amplitude but a random direction in the equator that changes every τ = 1/(50κ). Such a control policy is sufficient to achieve an informationally complete measurement record [14] .
Given a measurement record, we estimate the initial Bloch vector of a qubit in the atomic ensemble, using Eq.
(2), with E r = K † r K r and K r = T /dt i=1 dK(t i + dt, t i ). Figure 2 shows how the continuous measurement performs compared to our random sequential weak protocol and the MP bound.
In summary, we have shown that one can approach the optimal POVM for tomography of pure qubits with a sequence of weak measurements that are isotropic over the sphere for sufficiently short times. The mathematical proof and techniques we have developed should be generalizable to qudits and continuous variable systems, as well as mixed states. Of particular interest is the possibility of a generalized weak measurement protocol to measure the initial k-body correlation functions in a symmetric ensemble, which are important in quantum metrology, simulations, and other quantum information processors.
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